Strong gravitational lensing by galaxies provide us a unique opportunity to understand the nature of gravity on the galactic and extra-galactic scales. Unlike the traditional way to use the Einstein radius from electromagnetic domain, we propose a multimessenger approach by combining data from both gravitational wave (GW) and the corresponding electromagnetic (EM) counterpart. The time-delays among multiple gravitational wave events and the multiple images of electromagnetic counterparts are the indicators of the same lensing mass. Hence, we can use the completely independent multi-messenger datasets to exam the consistency relationship arising in general relativity. To demonstrate the robustness of this approach, we calculate the different time-delay predictions between general relativity and some viable models of modified gravity. For the third generation of ground-based gravitational wave observatory, with one typical strongly lensed GW+EM event, the multi-messenger approach is able to distinguish 8% modified gravity effect on tens of kiloparsec scale with 68% confidence. Our results show that the gravitational wave multi-messenger approach can play an important role in revealing the nature of gravity on the galactic and extra-galactic scales.
INTRODUCTION
Einstein's General Relativity (GR) has been precisely tested on Solar System scale Bertotti et al. (2003) ; Shapiro et al. (2004) , such as the Eddington's measurement of light deflection during the solar eclipse of 1919 Dyson et al. (1920) ; observation of the gravitational redshift Pound & Rebka (1960) ; the successful operation of the Global Positioning Satellites Ashby (2003) ; measurements of the Shapiro time-delay Shapiro (1964) ; and verification of energy loss via gravitational waves in the Hulse-Taylor pulsar Taylor et al. (1979) . However, the long-range nature of gravity on the extra-galactic scale is still poorly understood. Testing gravity with higher accuracy has been continuously pursued during the past decades. The purpose of these activities are not only to examine a specific model, but also to reveal the nature of gravitational phenomena, such as dark matter and dark energy, on the cosmological scales. Parameterized Post-Newtonian (PPN) framework Thorne & Will (1971) provides us a systematic way to quantify the deviation from GR. The scale independent post-Newtonian parameter γ PPN represents the ratio between dynamical mass and lensing mass. The former is the mass determining the motion of nonrelativistic objects, such as the stellar velocity dispersion, while the latter is the mass determining the path deflection of relativistic particles, such as the Einstein radius of strong lensing image and Shapiro time-delay. GR predicts the equivalence of these two masses (γ PPN = 1), while the alternative models break it due to the extra relativistic scalar degree of freedom, which mediates the fifth force.
Strong gravitational lensings around galaxies provide us a unique opportunity to probe modifications to GR over a range of redshifts and on/above kiloparsec (kpc) scale Bolton et al. (2006) ; Smith (2009) ; Schwab et al. (2010) ; Cao et al. (2017) . Recently, Collett et al. Collett et al. (2018) estimated γ PPN to be 0.97 ± 0.09 at 68% confidence level by using a nearby lens, ESO 325-G004. In these analysis, the dynamical mass is estimated by the spectroscopic measurement of the stellar velocity dispersion of the lens galaxy; and the lensing mass is reconstructed by the measurement of Einstein radius. All these data are obtained by using the electromagnetic signals.
The first gravitational wave (GW) event GW150914 from the merger of binary black hole, detected by LIGO Scientific Collaboration a 1 and Virgo Collaboration b 2 , opened a new observational window to explore our universe Abbott et al. (2016) . Moreover, the following event GW170817 from a binary neutron star combined with the electromagnetic (EM) counterpart, announced the beginning of golden era of multi-messenger astronomy Abbott et al. (2017) . The third generation of groundbased GW observatory, such as the Einstein Telescope c Punturo et al. (2010) 3 , is expected to detect 10 4 − 10 5 events per year and 50−100 among them are strongly lensed Liao et al. (2017) . The time-delays of GW from different paths, are expected to be few months; while the duration of each signal is less than 0.1 second. This leads to the fact that the uncertainties of time-delays from lensed GW events are almost negligible. Furthermore, the lensing mass reconstruction from the EM counterpart images has a systematic uncertainty around 0.6% level Liao et al. (2017) . For the traditional lensed quasar system, the uncertainties of the time-delay and lensing mass reconstruction are both of order O(3%) Liao et al. (2015) ; Suyu et al. (2017) . Recently, Liao et al. Liao et al. (2017) forecasted the robustness of Hubble parameter estimation by using the strongly lensed GW+EM signals. They found that 10 such systems are able to provide a Hubble constant uncertainty of 0.68% for a flat Λ Cold Dark Matter (ΛCDM) universe by using the Einstein Telescope. This inspired us to consider the GW+EM system as a new probe to the nature of gravity.
In the limit of a weak gravitational field, consider the perturbed Friedmann-Lemaître-Robertson-Walker (FLRW) metric in the conformal Newtonian gauge
, where a is the background scale factor, Ψ and Φ are the Newtonian potential and spatial curvature perturbation. Non-relativistic particle motion only responds to spatial gradient of the Newtonian potential Ψ, due to the fact that its velocity is much less than the speed of light c. While relativistic particle feels the gradient of the Weyl potential, Φ + = (Φ + Ψ)/2. GR predicts the equivalence of Newtonian and Weyl potentials, or the equivalence of Newtonian potential Ψ and the spatial curvature perturbation Φ, namely γ PPN ≡ Φ/Ψ = 1. In contrast, the alternative models of gravity typically contain an additional relativistic scalar degree of freedom which mediates the fifth force, hence breaks this degeneracy.
On kpc scales, strong gravitational lensing, combined with stellar kinematics of the lens, allows a test of the weak field metric of gravity. Measurements of the stellar velocity dispersion determine the dynamical mass, whereas measurements of the image positions of the lens and time-delay between the multiple images determine the lensing mass. They reflect the nature of Newtonian and Weyl potentials of the underlining gravity, respectively. Based on the above analysis, we can conclude that GR uniquely predicts the equivalence of the dynamical and lensing masses. This equality (γ PPN = 1) provides us a way to test it. However, the analysis made in references Bolton et al. (2006); Smith (2009); Schwab et al. (2010); Cao et al. (2017) ; Collett et al. (2018) assumed a constant PPN parameter over the length scales relevant for their studies. We argue this is incomplete. The reasons are in two folds. On the one hand, the lens and source are well separated along line-of-sight. The corresponding length scale is well above the perpendicular lensing scale. On the other hand, the viable models of modified gravity (MG) have to shield the fifth force under a certain scale, namely screening scale Joyce et al. (2015) . The modified gravity effect only arises above these scales. The photons and gravitons emitted from the source galaxies cumulate the modified gravity effect along the line-of-sight when they approach to us. Hence, a constant PPN parameter is not really physical. In particular, all those studies are limited to their measurements of the lensing mass in the EM domain, which is out of date in the richness of GW+EM multi-messenger observation today.
In this article, we deliver two new progresses in testing gravity, namely a new modelling of lensing potential and a new testing window. Let us introduce the first part. Since the lensing directly measures the Weyl potential, here we choose to parametrize the function Σ(r) = Φ + / −GM r in real space. It is related to the PPN parameter as Σ = (1+γ PPN )/2. For simplicity, we assume a spherical lens, but allow a scale dependent modification. The constraint from solar system tells us that, a successful alternative gravity model must screen the fifth force on these scales Joyce et al. (2015) . Moreover, to avoid the inconsistency of the lens model with modified gravity, such as Singular Isothermal Sphere (SIS) model, we evade to modify the dynamics below kpc scale, i.e. we assume the GR is restored below kpc scale. Inspired by the viable screening mechanism Joyce et al. (2015) , we model Σ via a step-like function with the transition scale from 10 to 20 kpc. Analogous to the parametric form given for µ and γ which denote the modifications of Ψ and Φ Bertschinger & Zukin (2008); Hojjati et al. (2012) , we set the parametric form of Σ(r) as
where α 1 /α 2 describes the magnitude, r 01 denotes the transition scale, and w 01 represents the width of transition step. We shall emphasize that if a sizeable deviation from unity Σ is observed, we does not only rule out GR but also quite large amounts of currently viable scalar-tensor gravities Pogosian & Silvestri (2016) . Hence, this kind of test is very crucial in the view of gravity examination.
As of the second innovation point, we propose a new multi-messenger approach to test gravity. This is inspired by two factors. The first is that both image and time-delay signals can be used to reconstruct the lensing mass. And the effect of modified gravity is involved into these two observables in different manners. Hence, GR gives a unique relationship between these two observables. We can verify this consistency relation. The second is that, compared with lensed quasar, GW+EM system provides a better uncertainties both in image reconstruction and time-delay measurement. This allows us to improve the estimation accuracy.
RESULTS

Time delay from GW
For a given lensed GW+EM event by a galaxy with a specific mass profile, the time-delay between two images is given by
here
is the Fermat potential difference between different images at angular positions θ i and θ j . The source is located at angular β . ψ is the effective two-dimensional lensing potential, which is the integral of the Weyl potential along the line-of-sight. Eq. (2) is a purely geometric relation, therefore is valid for both GR and modified gravity. After getting the photometric measurement of the source and lens galaxy redshifts (z s , z l ) as well as the spectroscopic measurement of the stellar velocity dispersion (σ v ) of the lens galaxy, we can calculate the time-delay of the two images for different source positions. The uncertainty of this lensed GW+EM system is dominated by the measurement uncertainty of velocity dispersions. With current lensing image reconstruction technique, for lensed quasars, the uncertainty is of order O(3%) Liao et al. (2015) ; Suyu et al. (2017) . The velocity dispersion measurement uncertainty is of order O(10%) Jee et al. (2015) . As demonstrated by Liao et al. Liao et al. (2017) and Wei et al. Wei & Wu (2017) , the uncertainty of image reconstruction of EM counterparts of GW events (σ θ ), such as short Gamma-ray burst and kilonovae, is of order O(0.6%). Due to the better control of point spread function in the EM counterpart of GW event, the uncertainty of velocity dispersion measurement (σ σ v ) could be improved to O(5%) Liao et al. (2017) . In addition, other matter structures along the line-of-sight might contribute an extra systematic uncertainty (σ LOS ) around 1% level Suyu et al. (2010 Suyu et al. ( , 2017 ). As we have demonstrated above, the uncertainty of time-delay measurement from the lensed GW events can be neglected. Thus the total uncertainty translated to the final time-delay is straight forward, σ ∆t = σ 2 σ v + σ 2 θ + σ 2 LOS , which is dominated by the measurement of stellar velocity dispersions.
As an example, we specify a typical strong gravitational lensing system according to the sample collected by Cao et al. Cao et al. (2015) with z l = 0.3, z s = 1, and σ v = 300 km/s. The lens galaxy mass profile is set to be the SIS model with a 10 kpc radius. The background model is fixed to ΛCDM model with H 0 = 67.8 km s −1 Mpc −1 and Ω m = 0.3. Since the SIS lens model produces double images only when the source position is inside the Einstein radius, we plot the results with β < θ E . As shown in Fig. 1 , when the modified gravity starts to take effect above r 01 = 10 (20) kpc scale, a α 1 /α 2 = 18% (50%) deviation is able to be discovered by one typical strong lens (red/blue curve). Comparing the purple curve (r 01 = 10 kpc, α 1 /α 2 = 50%) with the former two, we can conclude that a smaller screening scale corresponds to a larger deviation from GR, which can result in the easier detection of the deviation from GR.
Consistency relationship between time-delay and multiple images
Using the time-delay to test gravity is straight forward. However, it is limited by the measurement uncertainty of stellar velocity dispersions. For a lensed GW+EM system, we can get the precise time-delay (0% uncertainty) from GW domain and multiple images (0.6% uncertainty) from the EM domain. Both of them are the indicators of lensing mass, not the dynamical . Time-delay difference between GR and modified gravity for source position inside the Einstein radius. The shaded area represents the total systematic uncertainty in time-delay. Only the modified gravity signals which are upon this uncertainty can be detected. y = β /θ E is the source position in the unit of Einstein radius (θ E ). Here we choose a typical strong lensing system with z l = 0.3, z s = 1, σ v = 300 km/s. The lens galaxy is a SIS model with 10 kpc radius. The modified gravity effect is parametrized by the screening scale r 01 , the width of screening shell w 01 and the amplitude δ Σ/Σ. Several different parameter values of r 01 and δ Σ/Σ are shown in the legend and we fix the width w 01 = 1.2 kpc as a thin shell model. mass. Hence, we can use this consistency relation, Eq.(3), to test GR and successfully avoid dispersion measurement
As we can read, by assuming GR and SIS lens model, the Fermat potential differences reduce into purely geometric relation
is a unique prediction from GR, hence, can be tested. We call it ∆t − θ consistency relation. If we assume the "true" Universe is governed by the law of modified gravity, applying a typical lensed GW+EM system as before, we can obtain the time-delay and positions of multiple images. Then we can compare the time-delay between the "ture" one with the one calculated from the ∆t − θ relation under GR+SIS assumption. If the difference exceeds the systematic uncertainty, the modified gravity signal is detectable. Here the systematic uncertainties are only in the image position measurements and the mass along the line-of-sight contributions, σ ∆t = σ 2 θ + σ 2 LOS . Fig. 2 shows a result using both time-delay and image positions. We can see that the time-delay difference is more sensitive to the magnitude than the screening scale. For a typical strongly lensed GW+EM event, a 8% deviation of modified gravity from GR can be detected. Furthermore, since the time-delay can also arise due to the background expansion. We need to quantify the degeneracy between modified gravity effect and Hubble expansion. To do so, we choose two very different values of present Hubble constant, H 0 , namely 67 km s −1 Mpc −1 from Planck Ade et al. (2016) and 73 km s −1 Mpc −1 from SNe Ia Riess et al. (2016) . If the time-delay difference is larger than those from H 0 variation, we can conclude that this effect is unlikely due to the uncertainty of cosmic expansion measurement. As seen from Fig. 2 , the latter can contribute a 8% uncertainty at most. Thus, if we have a 60% deviation from GR, we would have strong confidence to claim the deviation from ∆t − θ consistency relation is caused by modified gravity rather than the inaccurate measurement of H 0 .
DISCUSSION
To measure the GW time-delay, we need to record the time sequence when the maximum peak arrives. Compared with the standard sirens method Schutz (1986) , our approach evades the complicated wave form calculation. Due to the huge hierarchy between the single GW event duration (0.1s) and the time-delay (a few months) among the multiple images, the uncertainty of the GW time-delay measurement can be safely neglected compared with those of quasar system (3%). Furthermore, due to the fact that the appearance of EM counterpart of GW event, such as kilonovae, does not severely contaminate the source and lens galaxy images, the uncertainty of deflection angle measurement of GW+EM system is estimated around 0.6%. The corresponding uncertainty for lensed quasar is about 3%. Armed with these results, we can conclude that lensed GW+EM system can give a better estimation of lensing mass compared with the lensed quasar.
The time-delays from GW are the "multiple sounds" and the multiple images from EM counterpart are the "multiple images". For a given system, the "multiple sounds" and "multiple images" can be derived simultaneously and respond to the same lensing mass. Thus, if we could measure the dynamical mass (via velocity dispersions) accurately, the constraint on modified gravity is straight forward. Both of the time-delay and image positions can be used, respectively, to estimate the difference between the lensing and dynamical mass.
In the first part of this article, we calculated the time-delay from different models of gravity for a given "double images" system. These theoretical predictions can be directly compared with the "double sounds", hence can be used to constrain modified gravity. However, since the time-delay prediction asks for photometric and spectroscopic data, the uncertainties of these inputs will propagate into the final theoretical predictions. Hence, even though the GW time-delay data is very accurate, the robustness of this method is limited by the input data quality.
In the second part, we proposed a consistency relationship between "multiple sounds" and "multiple images", namely ∆t − θ relation. This is due to the fact that both "multiple sounds" and "multiple images" are the indicators of the same lensing mass. More importantly, under the assumption of GR+SIS, this relation is free of lensing potential. Hence, we do not need the stellar velocity dispersion measurement. Compared with the first method, this advantage can reduce the theoretical prediction uncertainty by a factor of 5. The PPN parameter is constrained up to the order of 10% by Collett et al. using the ESO 325-G004. We should note that the uncertainty of the dynamical mass they derived is about 4% which is smaller than the one we adopted, conservatively (5%). Instead of assuming a constant PPN parameter, we use a scale-dependent Σ function to parametrize the modified gravity effect. Since the gravitational lensing, in principle, is the redistribution of the relativistic radiation, the spatial derivative is essential. We argue that the constant PPN parameter is over simplified in the lensing data analysis.
In our calculation, we set the galaxy radius to be 10 kpc. The SIS model ρ(r) = σ 2 v 2πGr 2 with σ v = 300 km/s, gives the total mass 6.57 × 10 11 M . Most of the galaxy radius are about 0.5 − 50 kpc, which correspond to the total mass 10 10 − 10 12 M . Thus the galaxy we set here is a typical one.
We would emphasize here that our approach is more general and robust compared to the traditional way. The upcoming strongly lensed multi-messenger system, such as the GW+EM events, may not be well aligned with observer. Thus the traditional way to utilise the Einstein radius is impractical. In this paper, we take the SIS lens model as an example to MG zone GR zone Figure 3 . Sketch of the modified gravity (MG) modeling. The MG effects are screened around the lens galaxy and arise in the far field. The photon and graviton emitted from the source galaxy go through the MG (blue) and GR (white) zones along their paths to us. The central purple regime denotes for the size of lens galaxy. Hence, the MG effects accumulated along the whole light path will lead to different predictions of image position and time-delay. demonstrate how much the modified gravity effect can be detected. For a more general lens model, such as singular isothermal ellipsoid (SIE), the calculation is straight forward. In summary, our approach is not limited by the specific source type or the lens model. We proposed a new methodology which can be adopted in the future test of gravity.
METHOD
Model Setup
Unlike all the existing studies in the literature which estimate lensing mass by assuming a constant PPN parameter, we present a phenomenologically viable parametrization of the lensing potential, Φ + = − GM r Σ(r), for the screened modified gravity. In details, we force the modified gravity effect vanishing below galactic scale. This is well motivated by the current studies Joyce et al. (2015) . A bonus is that we can adopt the standard lens modeling, such as SIS, without modifying the complicated galaxy dynamics. Hence, the modified gravity effect comes into this system via a very clean way, namely the line-of-sight integral. Take the deflection angle as an example, the modified gravity effect shows as the radial derivative of Σ function in Eq. (4). Notice that differential measurement of dz here is not redshift, but the Cartesian coordinate infinitesimal increment along the "z" direction (line-of-sight)
As demonstrated in Fig. 3 , the integral can be split into two parts, which are labelled by white (GR) and blue (MG) regimes, respectively. The purple regime, denoted for galactic scale, is deeply located inside GR regime.
Calculations of the time-delay and image positions
Given lensing model and gravity theory, we can derive the multiple image positions and the time-delay. Under the assumption of GR, for a point mass lens, the two image positions are θ ± = 1 2 β ± β 2 + 4θ 2 E ; for SIS model with β < θ E , two images are located at θ ± = β ± θ E . Using Eq. (3), the time-delay between multiple images is easily obtained.
The above calculation for the modified gravity case would be complicated. First of all, we need to derive the deflection angle for a point mass lens. Comparing to the GR value ( 
If Σ = 1, then I(b) = 1/b 2 , the deflection angle for a point mass returns to the GR value. The modified gravity theory with Σ deviating from unity shall lead a modification to the deflection angle. For a general lens model, the deflection angle is, basically, the integration of the point mass over the corresponding lensing mass distribution. Hence, for any specific lens model with a given mass profile, we can calculate the deflection angle for a given impact parameter b. Unlike the GR case, the time-delay in the modified gravity case does not only depend on the geometric term, but also the effective lensing potential. Hence, we need restore to Eq. (2). The deviation of Σ from unity represents the size of modified gravity effect. It produces both modifications to deflection angle and effective lensing potential, hence the final anomaly of time-delay. After propagating all of the systematic uncertainties to the errors of time-delay, we can compare the anomaly of time-delay caused by modified gravity to the systematic uncertainties to see how precisely we can distinguish modified gravity theory from GR.
